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Abstract 

We obtain the global smooth effects for the solutions of the linear Schrodinger 
equation in anisotropic Lebesgue spaces. Applying these estimates, we study 
the Cauchy problem for the generalized elliptical and non-elliptical derivative 
nonlinear Schrodinger equations (DNLS) and get the global well posedness 
of solutions with small data in modulation spaces (M"). Noticing that 

s-\-nl1 

BIT' C MS, C Bl I are optimal inclusions, we have shown the global well 
posedness of DNLS with a class of rough data. As by products, the existence 
of the scattering operators with small data is also obtained. 
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1 Introduction 



This paper is a continuation of our earlier work [32] and we study the Cauchy 
problem for the generalized derivative nonlinear Schrodinger equation (gDNLS) 

iut + A±u = F{u,u,'Vu,'Vu), u{0,x) = uo{x), (1.1) 

where m is a complex valued function of {t, x) G M x R", 

n 

A±u = Y,^idl, Si e {1,-1}, i = l,...,n, (1.2) 

i=l 
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V = ((9x1, •••5 (^xn), F : C^"+2 — > C is a polynomial series, 

m+l<|/3|<oo 

A typical nonlinear term is the following 

m, Vu, Vm) = |m|^A ■ Vu + ■ Vu + 

which is a model equation in the strongly interacting many-body systems near crit- 
icality as recently described in terms of nonlinear dynamics [26l [TOl IB]. Another 
typical nonlinearity is 

oo 

Vm, Vm) = (1 =F \u\^y'^\S/u\^u = Y±\u\^''\Vu\^u, \u\ < 1, 

fc=0 

which is a deformation of the Schrodinger map equation P, [12] . 

A large amount of work has been devoted to the study of the local and global 
well posedness of ( II .11) . see Bejenaru and Tataru [2J, Chihara [3111], Kenig, Ponce 
and Vega [TH |T3] , Klainerman [TH] , Klainerman and Ponce [TH] , Ozawa and Zhai 
j21j . Shatah [22], B. Wang and Y. Wang [32]. When the nonlinear term F satisfies 
some energy structure conditions, or the initial data suitably decay, the energy 
method, which went back to the work of Klainerman [18J and was developed in 
[3111 [ISl EE [22], yields the global existence of I^J^j in the elliptical case A± = A. 
Recently, Ozawa and Zhai obtained the global well posedness in H^{W^) (n ^ 3, 
s > 2 + n/2, m ^ 2) with small data for (11. ip in the elliptical case, where an energy 
structure condition on F is still required. 

By setting up the local smooth effects for the solutions of the linear Schrodinger 
equation, Kenig, Ponce and Vega [HI [15] were able to deal with the non-elliptical 
case and they established the local well posedness of Eq. (11.11) in iJ* with s ^ n/2. 
Recently, the local well posedness results have been generalized to the quasi-linear 
(ultrahyperbolic) Schrodinger equations, see [IHl 112] . 

In one spatial dimension, B. Wang and Y. Wang [32] showed the global well 
posedness of gDNLS (II. ip for small data in critical Besov spaces Sgt"''^"^''™'"' 
B^X"'^'^'^^'^^ (M.) , m ^ 4. In higher spatial dimensions n ^ 2, by using Kenig, Ponce 
and Vega's local smooth effects and establishing time-global maximal function es- 
timates in space-local Lebesgue spaces, B. Wang and Y. Wang [32] showed the 

^In fact, C/3 is not necessarily bounded, condition sup^ \c/3\ < oo can be replaced by jc^l < Cl'^L 
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global well posedness of gDNLS (11.11) for small data in Besov spaces i?| with 
s > n/2 + 3/2, m ^ 2 + A/n. 

Wang and Huang [21] obtained the global well posedness of fll.ip in one spatial 
dimension with initial data in M2^^'''", m ^ 4. In this paper, we will use a new 
way to study the global well posedness of f ll.ip and show that fll.ip is globally well 
posed in M|]^(M") with s ^ 3/2, m ^ 2 and m > 4/n for the small Cauchy data. 
Our starting point is the smooth effect estimates for the linear Schrodinger equation 
in one spatial dimension (cf. [H |THl [HI 133]), from which we get a series of 
linear estimates in higher dimensional anisotropic Lebesgue spaces, including the 
global smooth effect estimates, the maximal function estimates and their relations 
to the Strichartz estimates. The maximal function estimates follows an idea as 
in lonescu and Kenig \TT\. These estimates together with the frequency-uniform 
decomposition method yield the global well posedness and scattering of solutions in 
modulation spaces M|^, s ^ 3/2. 

1.1 M| i and i 

In this paper, we are mainly interested in the cases that the initial data Uq belongs 
to the modulation space M2 i for which the norm can be equivalently defined in the 
following way (cf. [m [29l [30l [3l]): 

where (k) = l + \k\, = {C, : —1/2 < C,i — ki < 1/2, i = 1, n}. For simplicity, we 
write M2.1 = M2 1. Since only the modulation space will be used in this paper, 
we will not state the defination of the general modulation spaces M^^, one can refer 
to Feichtinger [TT]. Modulation spaces M21 are related to the Besov spaces i?| ^ for 
which the norm is defined as follows: 

00 

= ll^/IU2(i.(0,l)) +5Z2^^||^/|U2(5(0,2.)\iJ(0,2.-i)), (1.5) 

i=i 

where B{xq, R) := E : |^ — Xo| < R}- It is known that there holds the following 
optimal inclusions between B^^^^^', Ml-^ and B^^ (cf. [271 [25l [31] ) : 

52"^^ C Ml, C By (1.6) 

So, comparing with B^-^^'^ , we see that M21 contains a class of functions u 
satisfying ||m||m5, = 00 but ||M||„s+n/2 <^ 1. On the other hand, we can also find 
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a class of rough functions u satisfying HmUbi^ = oo but HmUmi-^ ^ 1- Another 
important inclusion between M2_i and is that M2^i C and this embedding is 
also optimal, see Figure 1. 



1.2 Main Results 

For the definitions of the anisotropic Lebesgue spaces L^^L^^ ^ ^ Lf^(]R^+") and the 
frequency-uniform decomposition operators {□jfcjfcg^n, one can refer to Section [L3l 
We have 



Theorem 1.1 Let n ^ 2, 2 < m < oo, m > A/n. Assume that uq G M^i^ 
and \\uq\\j^^3/2 < 6 for some small 6 > 0. Then fll.ip has a unique global solution 

u e C(M, M|(^) n X, where 



a=o,i i,e=i fceZ", |fci|>4 

n 

+ E E E(^)''"''"^II^"P 

a=0,l i,i=l k€Z" 



E E E ^^^^^^ ll^"*°'="IL-L2pi2+™(jji+„) , (1.7) 



Q=o,i £=1 fceZ" 



where k = {ki,...,kn) and we further have \\u\\x ^ S. Moreover, the scattering 
operator of ( II. ip S carries a zero neighborhood m C{R, M|(^) mto C(M, M|(^). 
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In Theorem O, if uq G M| i with s > 3/2, then we have u E C{R, Ml^). If m = 2, 
we need to assume the initial data have stronger regularity: 



5/2 

Theorem 1.2 Let n ^ 3, m = 2. Assume that uq G ^ and ||mo||j^^5/2 < 6 for 

V5/2^ 



some small 6 > 0. Then (11. ip has a unique global solution u G C(M, M!^\ ) f] Y, 
where 



a=0,l i,l=l fceZ", |fci|>4 



+ E E E 

«=0,1 i,£=l fceZ" 



0=0,1 f=i fceZ" 

and \\u\\Y ^ Moreover, the scattering operator of (11. ip S* carries a zero neighbor- 
hood m C(M,M|/^) znto C(M,M|/^). 

When the nonlinearity F has a simple form, say, 

n 

iMt + A±M = ^AA^K»+^), u(0,x) =Mo(a;), (1-9) 

we obtained in [31| the global well posedness of the DNLS (11. 9p for the small data 
in modulation spaces M^-^^ in one spatial dimension. In higher spatial dimensions 
n ^ 2, we have 

Theorem 1.3 Let n 2, Hi > 2, Hi > 4:/n, G N, Aj G C, k = mini<j<„ Kj. 
Assume that uq G Mo i and ||mo|L,i/2 < 6 for some small 5 > 0. Then (II. 9p has a 

1 /2 

unique global solution u G C(M, ) fl X, where 

n 

11^11^1= E E (^i) IPfc'"llL^L2 , L2(IR1+") 



+ EE(^)'^'^'^'^ii°^^i 

4=1 keZ" 



+ 5^(^)1/2 ||n,«||^.^.n^2+.(^.+„) (1.10) 



and IImIIxi ^ Moreover, the scattering operator of (11.90 S* carries a zero neigh- 
borhood in C(M, mI'^) into C(M, Mg^^). 
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We remark that in Theorem ll.3l the same result holds if the nonlinear term dxX'<J-'^'^^) 
is replaced by dxX\u\'^'u) (/tj G 2N). 

Theorem 1.4 Let ^ 3, /tj G N, Aj G C, k = mini<j<„ = 2. Assume that 
Uo G M2I1 and ||uo||j^^3/2 < 6 for some small 6 > 0. Then (11 .Qp has a unique global 

solution u G C(]R, M|(^) fl Yi, where 

n 

1=1 fceZ", |fc,|>4 

n 

Moreover, the scattering operator of (11.11) S* carries a zero neighborhood m C(M, M|(^) 
into C(M,M2/i^). 

Corollary 1.5 Let n ^ 2, m ^ 2, s > (n + 3)/2. Assume that uq G H^^^ and 
\\'>J'o\\h'>+^ < i^- Then (11.11) /ias a unique global solution u E X . 

When m = 1, Christ j5] showed the ill posedness of (ll.9p in any for one spatial 
dimension case. For general nonlinearity in (11.10 . we do not know what happens in 
the case m = 1 in higher spatial dimensions. 

1.3 Notations 

The following are some notations which will be frequently used in this paper: C, M, N 
and Z will stand for the sets of complex number, reals, positive integers and integers, 
respectively, c < 1, C > 1 will denote positive universal constants, which can be 
different at different places, a < b stands for a < Cb for some constant C > 1, a ~ 6 
means that a < b and b ^ a. We write a A b = min(a, b), a\/ b = max(a, b). We 
denote by p' the dual number of p G [1, 00], i.e., 1/p+l/p' = 1. We will use Lebesgue 
spaces LP := Lp(R"), || • ||p := || ■ \\lp, Sobolev spaces H' = {I ~ A)~'/'^L'^. Some 
properties of these function spaces can be found in [U [2H] • If there is no explanation, 
we always assume that spatial dimensions n ^ 2. We will use the function spaces 
LfLP^W^^^) and LPLf{M."''^^) for which the norms are defined by 

||/||L«Lg(R"+i) = ||||/||Lg(R")||^9(K) ' ll/l|LgL«(M"+i) = 1 1 II / IU?(IR) 1 1 j^P(]g„) , 
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L^,,(M"+i) := LSL?(M"+i). We denote by LgjLg^.)^.^ := LS.^Lg^,)^,^ Lr(Mi+") the 
anisotropic Lebesgue space for which the norm is defined by 



tP1tP2 tP2 



-^^Sl,...,Xj_i,Xj_,_i,...,x„-f^f^ (Kxl 



;i.i2) 



It is also convenient to use the notation U!}UJ[ ^ 12'^ := LP}L^^ . Lf^ For any 
1 < < n, we denote by <^xi,...,xk the partial Fourier transform: 



-i(a:i€l + --.+2:fc€fc) 



f{x)dxi...dxk (1-13) 



and by the partial inverse Fourier transform, similarly for ,^t,x and ^ . 

^^-l^^^. Dl^ = {-diyl^ = ^^^M^x^ expresses the 



^-1 



partial Riesz potential in the Xj direction, d^^ = ^^xv We will use the 

Bernstein multiplier estimate; cf. [UEH]. For any r G [l,C)o], 



W-^H>^ n\r <CM\BA\n\r. s>n/2. 

We will use the frequency-uniform decomposition operators (cf. 
{o"fc}feeZ" be a function sequence satisfying 

supp (Tk C : \^ - k\ < ^/n}, 

I < C^, G M", |a| < m G N. 

Denote 



(1.14) 
). Let 



;i.l5) 



T = {{(Jkjkez^ ■ {o-k}k&" satisfies (11.151) } 
Let {o-fejfceZ" G T be a function sequence and 

Uk := ^"Vfc^, k G Z'^, 



1.16) 



(1.17) 



which are said to be the frequency-uniform decomposition operators. One may 
ask the existence of the frequency-uniform decomposition operators. Indeed, let 
p G ^(R") and p : R" ^ [0, 1] be a smooth radial bump function adapted to the 
ball 5(0, \/n), say p(^) = 1 as |,^| < and p{^) = as |,^| ^ i/n. Let pk be a 

translation of p: pk{C,) = p{C, — k), k E Z". We write 



;i.i8) 
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We have {rik}k&i" G ^ ■ It is easy to see that for any {rik}k&^ G T, 



We will use the function space £l^^{LfLl.{I x R")) which contains all of the functions 
f{t,x) so that the following norm is finite: 



J2{kr\\Okf\\L-^LriixR^y (1-19) 



£^'^(L?LS(/x]R")) 

For simphcity, we write £^(L?L;(/ x R")) = £^°(Lj'L^(/ x R'^)). 

This paper is organized as follows. In Section [2] we show the global smooth effect 
estimates of the solutions of the linear Schrodinger equation in anisotripic Lebesgue 
spaces. In Sections [3] and H] we consider the frequency-uniform localized versions for 
the global maximal function estimates, the global smooth effects, together with their 
relations to the Strichartz estimates. In Sections [5] and [6] we prove our Theorems 
11.31 and 11.11 respectively. In the Appendix we generalize the Christ-Kiselev Lemma 
to the anisotropic Lebesgue spaces in higher dimensions. 

2 Anisotropic global smooth effects 

In this section, we always denote 

S{t) = e'*^± = ^-ie'*^^-i"^«^'^, ^f{t,x) = [ S{t- T)f{T,x)dT. 

Jo 

Proposition 2.1 For any i = 1, ...,n, we have the following estimate: 



Idxi^^fWlcpLj , L2(l;l+») ^ L2(Kl+n). (2.1) 



Proof. We have 



a,,^/ = c^^-i^^j^,,,/. (2.2) 

We can assume, without loss of generality that |^|^ = ^^-|-£:2^2 + ---+^n^n •= ^i + l^l±- 
By Plancherel's identity. 
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< 



By changing the variable r — >■ /i + |^|^, we have 



(2.3) 



5^L-L?(IRi+") 



^6 



-1 ^1 



T 



5i f2 



J) 



42 €■ 



(2.4) 



RecaUing the smooth effect estimate in one spatial dimension (cf. |13] ) 



< 



L-L2(R1+1) 



LiL2(jgi+i), 



we have from (EJD, (123!) and ([23]) that 



\d.,^f\\ 



< 



-ml ^ f 

^ X2,...,X„J 



Using Minkowski's inequality and Plancherel's equality, we immediately have 



\dx,-^f\\ 



< 



The other cases can be shown in a similar way. 

Proposition 2.2 For any i = 1, ...,n, we have the following estimate: 
Proof. By Plancherel's equality and Minkowski's inequality, 



(2.5) 



(2.6) 



(2.7) 



□ 



(2.8) 



\\S{t)uo\ 



< 



(2.9) 



Recall the half-order smooth effect of S{t) in one spatial dimension (cf. 1 1 3.j ) , 

< \\DZ^'\4LHm- (2-10) 



~ W X 



L-L2(Ri+i) 

Hence, in view of ( 12.91) and ( 12.101) . using Plancherel's equality, we immediately have 

(2.11) 

□ 



which implies the result, as desired. 
The dual version of ( 12.81) is 



Proposition 2.3 For any i = 1, ...,n, we have the following estimate: 

l|f^:E»-5//||,c«i2(Rl+n) < /||l1.L2 L2(]R1+")- (2.12) 

Proof. Denote IR+ = [0,oo). By Proposition 12.21 
/(r), / S{T-t)d^,^{t)dt]dT 



^ ll^xf /llLi^L2^,...,,„L2(Kl+n)||V^||ili2(Kl+n). (2.13) 

By duality, we have the result. □ 

3 Linear estimates with □^^-decomposition 

In this section we consider the smooth effect estimates, the maximal function es- 
timates, the Strichartz estimates and their interaction estimates for the solutions 
of the linear Schrodinger equations by using the frequency-uniform decomposition 
operators. For convenience, we will use the following function sequence {o'k}keZ"- 

Lemma 3.1 Let 77^ : R — [0,1] {k E 1^) be a smooth-function sequence satisfying 
condition (11.151) . Denote 

CTkiO ■= VkA^l)--Vk,A^n), /C = (/Cl,...,fc„). (3.1) 

Then we have {crk}k£Z'^ ^ 

Recall that in [30], we established the following Strichartz estimates in a class of 
function spaces by using the frequency-uniform decomposition operators. 

Lemma 3.2 Let 2 < p < 00, 7 ^ 2 V 7(p), 

2 Jl l\ 
7(p) v2 pJ 

Then we have 

\\s{tM lbl|M2,i(ffi")) 
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ll'^/ll^l^(L7(IR,LP(R")))n£|tj(L°°(IR,L2(]Rn))) ^ \\f\\e^(L'r'{R,Lp'{R")))- 

In particular, if 2 + A/n < p < oo, then we have 

\\sm\e 

IK/ll£^(L?,JRi+"))n£^(L-L2(Ki+")) ^ W f W ei^^LP'j^i+n^y 

The next lemma is essentially known, see [281 129] . 

Lemma 3.3 Let Q G be a compact set with diamfi < 2R, < p < q < oo. 
Then there exists a constant C > 0, which depends only on p, q such that 

11/11, <Ci?"(VP-i/.)||/||^, V/GLl^, 
where Lf^ = {f e S'{W) : supp/ C \\f\\p < oo}. 

In Lemma 13.31 we emphasize that the constant C > is independent of the 
position of Q in frequency spaces, say, in the case fl = B{k, y/n), k G Z", Lemma 
13.31 uniformly holds for all G Z". 

Lemma 3.4 We have for any a G M and k = {ki, kn) G with \ki\ ^4, 

Replacing D^^ by d'^. (a E'N), the above inequality holds for all /c G Z". 
Proof. Using Lemma 13.11 one has that 



£=-l "'K 



Xi - yi)dyi 



It follows that 



< 



< {hy\\nkU\\LllLP2 ^rP2 



The result follows. □ 



lonescu and Kenig [Tz] showed the following maximal function estimates in higher 
spatial dimensions n ^ 3: 

\\AkS(t)uo\\L2 Loc, L?°(Ri+n) < 2^"^"^^''''^|| Afc-UolUaCR")- (3.2) 

We partially resort to their idea to obtain the following 
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Proposition 3.5 Let 4/n < q < oo, q ^ 2. Then we have 



\DkS{t)uo\\ 



< 



(/Ci)^/''||nfcMo||L2(]R„). 



(3.3) 



Proof. For convenience, we write x = {xi, ...,x„_i). By duality, it suffices to show 



that for any ^ G L^' j(Ri+'^) fj with ^{t) = ±^{-t), 



{UkS{t)uo, v{t))dt<{hY'%Uku4L^(^^.-^\\s{tM 

By duality, we have 

UkS{-t)(^{t)dt 



(3.4) 



(□fc5'(t)Mo, V5(i))c?^ < 1|mo1Il2{R") 
We have from Lemma [3.41 that 



(3.5) 



UkS{-t)^{t)dt 



< ||5(t)^||^,.^,^^(j^,^„^ 



/ □fe5(2t - r)(p(r)rfr 
Jr 



'(3.6) 



In viewof LemmaO, we can write Dfc = ^ ^^?fci(^i)---%„(^n)^ := ^ ^Vki{^i)Vk{0'^ ■ 
By Minkowski's and Young's inequalities. 



< 



< 



□fc5(2t-r)^(r)dr 

^-'e'2*l«l^,(e)%,(6)^ / S{-TMT)dT 



L«fLi^i(IR"+i) 



S{ — T)(^{T)dT 



(3.7) 



Hence, it suffices to show that 



ll^-^e'*l«l^.,(ei)r]s(OIL,/.^^^^(M.) < {hf'. 



In view of the decay of □fcS'(t), we see that (cf [30]) 
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On the other hand, integrating by part, one has that for > 4|t|(fci), 
Hence, for > 1, 
So, we have 



This finishes the proof of (13.31) . 



□ 



Remark 3.6 We conjecture that fl3.3p also holds in the case p = 4/nifn = 2. We 
now show that (13. 3p is sharp. Indeed, take ki G N, ^xU^i^i) = Vki{(,i)vo{^2)---Vo{^n), 
where rjk is as in Lemma [3A1 For ak '■= Vki{(,i)vo{(,2)---Vo{^n), we easily see that 



i=2 



^ / sup 

'|xi|<cfcl t,X2,---,Xn 



1=2 



Xi 



dxi. 



Taking t = —xi/2eiki and \xi\ < c, i = 2, ...,n, we easily see that 



Therefore, we have 



^a^(e'^^*^^<(6))(xi)| >1, 
^.;^(e'^'*^'^o'te))(x.) >1. 



The dual version of Proposition 13.51 is the following 

Proposition 3.7 Let 2 < q < oo, q > A/n. Then we have for any k = {ki, G 



Dk / S{t-r)f{r)dT 



<{hnn,f\\^, (3.8) 
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Proof. Denote 

□fc = ^ Dfe+f , A = {£ G Z'' : supp ak n supp ak+e 7^ 0}. 

Write 



(3.9) 



Dk / 5(t-r)/(r)dr, ^(t) 



(3.10) 



By Proposition 13.51 



A(/,^) 



□fc/(r), Dfc / 5(r-t)^(t)dt Ur 



< IPfc/ll 



Jr 



By duality, we have the result, as desired. 

In view of Propositions 12.11 and 12.31 we have 

Proposition 3.8 We have for any k = {ki, fc„) G Z", 

|Pfc=S^f^Z,/||rooi2mi + n) < (/i;i)^/^|Pfc/||Ll ^2 L2(lg;l + n). 



(3.11) 

□ 



(3.12) 
(3.13) 



Proof. By Proposition 12.11 we immediately have (13.121) . In view of Proposition 
12.31 and Lemma 13.41 we have (13.131) in the case ^ 3. If < 2, in view of 
Proposition | 



which implies the result, as desired. 

By the duality, we also have the following 

Proposition 3.9 Let 2 < q < 00 q > A/n. Then we have 



□ 



iDkS^dxifWrg TOO TO 



8 i^j/jj^l 



(3.14) 



Proof. By Propositions 13.71 13.81 and Lemma 13.41 



□fc / S{-r)d,J{r)dT, Dk / S{-t)ij{t)dt 
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< 



I S{-T)d.,J{T)dT Dfc / S{-t)i;{t)dt 



L2{M") 



< ihy^'^'^inju.^,^^^^^^^^^^ (3.15) 



Again, by duality, it follows from (13.151) and Christ-Kiselev's Lemma that (13.141) 
holds. □ 

Proposition 3.10 Let 2 < r < oo, 2/'j{r) = n(l/2 - 1/r) and 7 > 7(r) V 2. We 
have 



\DkS{t)uo\ 



I ^fc^fj// II ^00^2 n ^T-^r (Rl + n) 



) ^ ||nA:%||L2(]Rn-), 

< IPfc/ll 



L7'lj'(R1+»)' 



L1 LZ. 



□.^^^s.JILjc^. ^ i.«.-.„) < (A;.)^/^||n./|| 



and for 2 < q < 00, q> A/n, a = 0, 1, 



Li L5'(Ri+")' 



(3.16) 
(3.17) 
(3.18) 
(3.19) 

(3.20) 



Proof. From Lemma 13.21 it follows that fl3.16p and (13.171) hold. We now show 
(13.181) . We use the same notations as in Proposition 13. 9[ By Lemmas 13.21 13.41 and 
Proposition j 



(3.21) 



< {h)^'^\\Ukf\\Ll^Ll^_^^L-iiR^+-) II^ILVi.'(Mi+n) • 



By duality, it follows from (13.281) and Christ-Kiselev's Lemma that (I3.18P holds. 
Exchanging the roles of / and we immediately have (I3.19P in the case r > 2. 
If r = 2, (I3.19P is a straightforward consequence of the 1/2-order smooth effect of 
S{t). By Lemmas 13.21 13. 4[ Proposition 13. 7[ and Christ-Kiselev's Lemma that we 
have (I3.20p in the case g > 2, or g = 2 and r > 2. In the case g = r = 2, in view of 
the maximal function estimate, we see that (I3.20p also holds. □ 



Corollary 3.11 Let A/n < p < 00, 2 < q < 00, q > A/n. We have 



\Dl{^UkS{t)uo\ 



ll + u) ^ |PfcMo||L2(]Rn) 



(3.22) 
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\OkS{t)uo\\Ll L-(Ri+n) ^ (^i)^^1Pfc«o||L2(R"), (3.23) 

L(^''nL^L2(igi+n-) ^ ||nfc^o||L2(R")5 (3.24) 



|nfc^<9xi/|L^^i2^_ _^^^i2(Kl+n) < IPfc/IUl^Ll^ ,„L2(R1+")' (3-25) 



|Pfc^C^x'i/|lLooL2^ ^„L2(M1+") ~ (^l)^^^lpA:/lli(2+p)/(i+p)(Ki+n), (3-28) 

IPfc^f^xi/llii^Loo^ ^^^^^oc(]gi+„) < (A;i)^^^^''|pfc/||^(2+p)/(i+p)(]g.i+„-), (3.29) 
IPfc^/llL^L2nL2+P(ig;i+„) < |pfc/||^(2+p)/(i+p)(ig.i+„-). (3.30) 

/n (13.261) ■ q> 2 is required. Moreover, replacing L^^f by L^L^, the results also hold. 

4 Linear estimates with derivative interaction 

In view of (13.251) in Corollary 13. Ill the operator £/ in the space L'^^L'^^ ^^L^(R^+") 
has succeed in absorbing the partial derivative dx^- However, it seem that ^ can 
not deal with the partial derivative in the space L^_^Ll^ ^^L^(M^+"). So, we 
need a new way to handle the interaction between L'^^L'^^ ^^L^{M}~^"-) and dx2- We 
have the following 

Proposition 4.1 Let i = 2, ...,n, 2 < q < oo, q > A/n. Let 2 < r < oo, 2/'j{r) = 
n{l/2 — 1/r), 7 ^ 7(?"), 7 > 2. Then we have 

|pfc9xi^/IL«=i2^ ^^^i2(j^l+„) < ||9^,9^^^nfc/||Ll^L2^_^^^i2(Kl+n), (4.1) 
|Pfc5x,=2^/|lLj=L2 r2™i + „) < IIS^./^^y^nfc/lliVir'dRl + n), (4.2) 



|Pfe5x,^/|li| roo L-ml + n) < (/i;i)^/^(/i;i)^/''|Pfc/||Ll L2 i2(lgl + „), (4.3) 

•''1 ^25■■■5^^^ £ V / -^t (Xj)j-^.^ i- ^ ' 

iPfc5..^/llL|,Lg=^,...,.„Lr(M^+") ^ (^^)(^i)'/1P^/IIl7'l5'(M1+")- (4-4) 

/n (14.31) . q > 2 is required. 

Proof. (14.11) is a straightforward consequence of Proposition 12.11 We have 




Sit - T)dxJ{r)dT, m ] dt 
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< 



/ S{-T)d,,D-^'/'f{T)d7 

Jr 



L2(R") 



Dli' / S{-t)mdt 



■ (4.5) 



L2{R") 



By the Strichartz inequality and Proposition 12.31 



(4.6) 



By duality, fl4.6l) implies (14. 2 p in the case r > 2. In the case r = 2, in view of the 
1/2-order smooth effect of S{t), we see that (14. 2 p also holds true. Similarly, in view 
of Propositions 12.31 13.71 and Lemma 13. 4[ 



[ Si-r)Dln,f{T)dT 
Jr 



L2(R") 



Dk / S{-t)i;it)dt 



L2{R") 



< (A:2)^/'(fci)^/^||n./|kLLL. . L2(Ri+n)||^||^,'^i (4.7) 



By duality, (gJD follows from fITTD . Finally, 



Si-T)d,,DkfiT)dT 



L2(R") 



[ S{-t)^ljit)dt 
Jr 



L2(R") 



(4.8) 



If r > 2 or g > 2, (14. 8 p and Christ-Kiselev's Lemma imply (17. 2p . as desired. If 
r = g = 2, in view of Proposition 13.51 we have also (17. 2p . □ 

Lemma 4.2 Let ip : [0, oo) — ^ [0, 1] be a smooth bump function satisfying iIj{x) = 1 
as \x\ < 1 andi;{x) = if\x\ ^ 2. Denote MO = ^(6/26); ^2(0 = l-V'(6/2ei), 
^ G M". Then we have for cr ^ 0, 



fceZ", |fci|>4 

fceZ", |fci|>4 



^2--^ IIL-L2^,...,,^L2(R1+") 



(4.9) 



and for a ^ 1, 



feGZ", |fci|>4 

fcGZ",|fc2|>4 



iS°iii2,...,.„i?{]Ri+") 
) • 



(4.10) 
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Proof. For simplicity, we denote 



Let T]k be as in Lemma [3.1[ For k G Z", > 4, applying the almost orthogo- 
nality of Dfe, we have 



l^l|,K2|<l 



(4.11) 



Denote 



{f®i2g){x)=l f{t,xi-yi,X2-y2,X3,...,Xn)g{t,yi,y2)dyidy2. (4.12) 



We have for any Banach function space X defined on M^+", 
11/ ®i2 g\\x < lkllLi,_(R2) sup ||/(-, ■-yi,--y2 

Hence, by fimi) and KW . 

6 \ 6 



IX- 



(4.13) 



Ki|,K2|<i 



2^1; e 



j=l,2 



Li(K2) 



(4.14) 



Using Bernstein's multiplier estimate, for > 4, we have 



Li(K2) 



< 



E 

|a|<2 



< 1. 



(4.15) 



L2(]R2) 



By Proposition EIHl and fHT51) . we have 



^ ^ IPfc/|lLi^L2_ _L2(Ki+n) , |A;i| ^ 4. 



(4.16) 



Next, we consider the estimate of //. Using Proposition 14.11 



1 + 71) 



< 



(4.17) 



Notice that svLppip2 C : |.^2| ^ 2|^i|}. If |A;i| ^ 4, we have |A;2| > 6 and \k2\ ^ 
|/ci| in the summation of the left-hand side of (14.101) . So, XlfcgZ" |fei|>4(^i)'^-^-^ — 
E..zM..|>4(^2)'^-MA;i)//. 



Li(R2) 



< 



E 



|o|<2 

<(fc2)(A;i)-^ 



1 - 



L2 



(14.171) and (14.181) yield the estimate of //, as desired. 



(4.18) 

□ 



Conjecture 4.3 Using a similar way as in the proof of (14.11) . we can show that 
So, we can conjecture that 

Since we do not know if the Christ-Kiselev Lemma holds in the endpoint case, it is 
not clear for us if (I4.19P is true. 

If (14.191) is true, repeating the proof above, we can show that (14. 9 p holds for all 
a ^ 1/2. We can improve the results of Theorems 11.11 and 11.31 by assuming that 
uo G M2~^^^"^ and uq G Mj^™, respectively. 

Lemma 4.4 Let 2 < q < oo, q > A/n and (7, r) be as in Proposition \4.1\ Let 

k = {ki, kn), /^max := niaxi<j<„ \ki\. Then we have 

Proof. It follows from (ED that Km holds. □ 



OA, [ S{t-T)f{r)dr 
Jr 
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Lemma 4.5 Let k = {ki, kn) , k^ 
have for a ^ and i,a = 1, ...,n, 



maxi<j<„ \ ki\ and g > 2 V 4/n. Then we 



(4.21) 



Proof. First, we consider the case a = 1. In view of fl3.26p and = ^max > 4, 



Ki|,Ki|<i 



(4.22) 



(14.221) implies the result, as desired. Next, we consider the case a = 2. Notice that 
l/cal = maxi<i<„ \ki\ > 4. By (gSD, 



-1 



<{h){k,)-\k,y/'+'/'^\nf\\ 



Li(IR2) 



(4.23) 

The other cases a = 3, n is analogous to the case a = 2 and we omit the details 
of the proof. □ 



Remark 4.6 From the proof of Lemma [4. 5 [ we easily see that 

l„L?° - L?°(Ri+") 



J2 {kywDA^^fw^, 

fceZ»,|fccl=fcmax>4 



(4.24) 



5 Proof of Theorem 11.3 



Now we briefly indicate the proof of Theorem 11.31 We assume that the nonlinear 
term takes the form 
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In order to handle the nonhnear term dx^ (u'^'^^), we use the space L'^.L'^^ ^ ^ (M^"*'") 
to absorb the derivative d^i- Hence, we introduce the following semi- norms to treat 
the nonlinearity: 

= y2 {ki)\\OkU\\L^L^ L2(Ri+n), i = l,2. 
keZ", \ki\>4: 

Since f l3.12p is a worse estimate in the case < 1, we throw away the low frequency 
part in the ^j-direction in the definition of HwHy-. To handle the low frequency part, 
we use the Strichartz norm: 



Wis 



We emphasize that the Strichartz inequalities fl3.24p and (I3.30p are better estimates 
than the smooth effects in fl3.22l) and fl3.25l) for the low frequency part, respectively. 
Using the integral equation 

u{t) = S{t)uo - ij^{dx,u'''+^ + dx,u^^+^), 

we have 

In view of (13.221) . ||5'(t)Mo||yi is bounded by ||mo|L,i/2. ||i2/(9s,u''^+^)||y, can be 
handled by using the linear estimates obtained in Section [3l Noticing that 

u^'+^ = 5Z + Yl □fc(i)n...nfc(.,+i)M, 

\fc(i),..,fc(''i+i)e§i A:(i),...,fc('=i+i)eZ"\§i / 



where = {A;^, G Z" : {k'i'l V ... V \kf'^^>\ > 4}, IKm and fl3:28ll 
Corollary 13.111 yield. 



m 



fceZ", |fci|>4 §1 

+ E (^i)'^'E \\Ok{D,,r,u..n,,.,+,,u)\\^2^. (5.1) 

fceZ", |fci|>4 Z"\§i 

By performing a nonlinear mapping estimate, we have 

< MlnWurzl + M\T\ (5.2) 
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where 



Unfortunately, ||-2/(9x.2^i'^^'''^)||yi contains the interaction between the working 
space L'^^L'^^ ^^L^(M^+"') and the derivative d^^, which is out of the control of the 
smooth effect f l3.25p . So, we look for another way to estimate [[^^/(S^j'"''^'^^) ||yj. 
Roughly speaking, our idea is to use the following estimates (see Lemma I^l2l) : 

fceZ" |fci|>4 

1I^"^X{€: \ii\<m'^'^{9x2f)\\Y, < Yl (^2)||nfc/l|Li^L2^__„„L2(Ki+n), 

fceZ" |fc2|>4 

where xe denotes the characteristic function on the set E. So, ||^(<9x2'^''^^"'^)l|yi has 
similar bound to ||i2/((9^^M'^^^"'^)||y-^ as in flS.ip . Eventually, we have 

\\^id.,u^^^')U < (Iklln + WuhMt + \\u\\r'- (5.3) 

By using the integral equation, we need to further bound W^/d^^u'^^^^ ||^-^Q5,i = l,2. 
For instance, for the estimate of \\^dx2u'^^~^'^\\zi, we resort to the above idea and 
consider the following interaction estimate: 

which leads to that we can bound \\^dx2u'^'^~^^\\zi by an analogous version of the 
right-hand side of (15. ip . so, by f l5.2p (see Lemma 1121) • 

Finally, using fl3.27p and (I3.30p . we can get the same estimate of ||=2/(92:iM'''^^||5 
as in fl5.2p and (15.30 . respectively. 

Proof of Theorem 11.31 We now give the details of the proof of Theorem 11.31 
Denote 



Put 



i=l fceZ", |fci|>4 
n 

i=i fceZ" 

X:=Le ^'(Mi+") : \\u\\x := $^p.(t^) < 5o 
[ i=i 
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We consider the following mapping: 

Sr : u{t) ^ S(t)u^ - A,9,,m'^'+i 
For convenience, we denote 

= (^i)IPfcW||L-L2 L2(Ri+")- 

k&", \ki\>A 

In order to estimate pi{u), it suffices to control || ■ ||yj. By (12.81) and Plancherel's 
identity, we have 

\\s{t)uo\\n< Yl {h)\nD-y\o\\mR^) 

keZ", |fci|>4 

< 5^(A;i)i/ln,wo||L^(R"). 



By (13.31) . Lemma [3.21 we have 



Denote 



P^{S{tH)< 5^(A;)^/2||nfeMo|U2(Mn), ^ = 2,3. 



'^'\ := {(A;«, /t^'^^+i)) G (Z")" : |A;f' | V ... V |A;f ^+''| > 4}, 



^^^2 .- {(A;«, G (Z")" : |A;f )| V ... V |A;f '+'^| < 4}. 
Using the frequency-uniform decomposition, we have 

^^(.+1 ^ ^ □^(i)M...n^{K^+i)M 

fc(i),...,A;('=<+i)eZ" 

= ^ □fc{i)u...n^{«^+i)M + ^ □fc(i)u...n^(«:^+i)ti. (5.4) 

Kl(») 

Using ([SI2SD and ([SSHD, we obtain that 

fceZ", |fci|>4 g{i) 



■=I + II. (5.5) 
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In view of the support property of DkU, we see that 

□fc (afctDM... = 0, if |A;-A;«-...-A;("i+^)| ^C. (5.6) 
Hence, by Lemma 13.41 

~ ^^l) IPfc(i)M---nfc(-i+i)M||Li^L2^_^^_^^i2(Ri+„)X|fc-fe(i)-...-fc{«i+i)|<C- 

fceZ", |fci|>4 g{i) 

(5.7) 

By Holder's inequahty and llDfeMllLgo < ||nfcu||^2 uniformly holds for all k G Z", we 
have 

Kl+1 

< IPfcWM||Lgo^L2^_^^i2(Ki+„) JJ IPfcWM||Lg^L-,.....„i'?° niri'i{Ri+")- 

i=2 

Since |A; - A;(^) - ... - k^'^'+^^ < C implies that \ki - k^^^ - ... - k^l^'^^^l < C, we see 
that I fell < C maxj=i^ Ki+i We may assume that lA;^^"*! = maxj=i ... ^i+i 

in the summation y]„{i) in f l5.7l) above. So, 

(M'^)IPfcW«llL.-Li„.....„L?{Mi+") 

Kl + 1 

fe(2),...,A:('"i+l)GZ" «=2 

<Pi(n)(p2(w)+P3(t^))'^^ (5.8) 
In view of (15.61) we easily see that \ki\ < C in // of (15. 5p . Hence, 

fceZ", |fei|>4 g{i) 

~ ||nfc(i)M...nfc(«i+i)M||^{^2+«.)/(i+«)^jgi+„-i 
,,(1) 

■^1,2 

< 5Z n \\Oki^M\Ll+- n ^ P3(n)^+''^ (5.9) 

Hence, we have 

\\,^d^,u^^^'\\Y, < Piiu)ip2iu) + psiu)r + Ps{uY+^K (5.10) 
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Next, we estimate ||i2/9^2M''^^^||y-^. Let tpi be as in Lemma [4.21 For convenience, 



we write 



We have 



(5.11) 



.^w'^^in < WPid^.s^u^'^+^Wy^ + ||P2a.,^n"^+^||^^ := III + IV. (5.12) 
Using the decomposition (15.41) . 



Ill < 



PA^s^ ^(□fc(i)u...nfc(„2+i)M) 



*2,1 



Yi 



Pid^,,^ 5^(nfc(i)M...n,(.2+i)ix) := Ilh + Ilh. (5.13) 
Applying Lemma F4. 21 and then following the same way as in the estimate to (15. 7p . 

fceZ", |fei|>4 g(i) 

< p,{u){p,{u) + p,{u)Y\ (5.14) 

For the estimate of III2, noticing the fact that supp-j/'i C {S, : |^2| < 4|,^i|} and 
using the multiplier estimate, then applying (14.21) . we have 



fceZ", |A;i|>4, |fc2|<|fci| 



^2,2 



<P3(«)^+''^ 



(5.15) 



We need to further control IV. Using the decomposition (15. 4p . 
IV < 



+ 



P2dx2-(^ ^(□fc(i)W---nfc(«2+i)M) 

^(2) 

P2dx2^ y^(Dfc(i)M---Dfc(>^2+i)^) 



5(2) 



:= IVi + /V^2. (5.16) 



By Lemma [4. 2[ 

iVi< (/C2) J^||nfc(nfc(i)M--nfc(«2+i)«) IIli^l2^_..._,„l2(mi+")- (5.i7) 



fcGZ-, |fc2l>4 g(2) 
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By symmetry of k''^\ . . . , k^'^^~^^\ we can assume that \k^^\ = maxi<j<K2+i |/i;2*''| in 



(2) 

§2,1- Using the same way as in the estimate of J, we have 



(5.18) 



4^1, i4^)|>4 



By Holder's inequahty, 



IPfe(i)M...nfc(-2+i)M||Li^L|2,...,,„L2(Ri+. 

< ||nfc(i)n|n;^(2)M...nfc{.2+i)u|^/^||i2^^ 

1 1/2 I 



K2 + 1 



~ ii^fc(i)«llL-L|^,,3,...,,„L?(Ri+" 



K2 + 1 



1=2 



X 



(5.19) 



In view of the inclusion L^^L^^ .^.^L^ f] C L'^'^L'^^^ ^^^L^, we immediately have 

/^i<PiH(p2(«)+P3(n))'^^ (5.20) 
Noticing the fact that supp'?/'2 |^2|^2|^i|} and applying (14. 2p . we have 



m < Yl ^^^)"^ E 11°^ (□.a)^-n.(^2+i)^) II 



fceZ", |fc2|>4 



.(2) 
^2,2 



^(2+K)/{l+«;)^jgl_,_„^ 



^ IPfc (□fc(l)M...nfc{K2 + l)M) II ^{2+-)/(l + «)(iRl+„) 

fegZ", |fc2|>4 g(2^ 

<P3(«)^+-. (5.21) 
The other terms in pi(-) can be bounded in a similar way. So, we have shown that 

/ n \ n 

Pi ^(5^AA,n'''+^) < 5^ (pi(n)(p2(«) +P3(n))- + P3(«)'+'^0 • (5-22) 



1=1 



i=l 



We estimate P2(-)- Denote 

ikiiz, = E(^)^''"'iP^-iu.^-(:,,,.- 

We have 



ooi'iral + n-l. 



(5.23) 



P2 



i=l 



(5.24) 
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Due to the symmetry of it suffices to consider the estimate of || • 

Recall that /cmax = \ki\\/ ... \/ \kn\- We have 



■.= T^{v) + T,{v). 
In view of Lemma 14.41 and Holder's inequality, 



(5.25) 



i=l 



fceZ",fcmax<4 



n 



«=1 fc(l),...,A:(«i+l)gZ" 



iSiiS°2,...,.„i?"(R^+") 

Pfc(i)«---nfc(-»+i)w|| a+is 



«=1 fc(l),...,fc('"i+l)GZ" 
n 

1=1 



•••lPfcK+i)M|| 2+« 



(5.26) 



It is easy to see that 



^fcGZ", |fei|=fc„,ax>4 fcGZ", |A;nl=fcmax>4y 

r}(t;) + ... + r^(t;). (5.27) 



Using (15. 4p . Lemmas 14.41 and 14.51 we have 



~ E E ^^l) E (nfcWW-nfcK+Dw) 1Ili^L2^,...,,„L?(ri+„) 

i=l fcGZ", |fci|>4 g(i) 



+ E E (A;i)'/'Ell°'^-(°fcw"-°fc(-»+^'")llLf 

1=1 fcGZ", |fci|>4 



(2+«i)/{l+«;i) 



(5.28) 



Using the same way as in (15.81) and (15.91) . one easily sees that 

/ n \ n 

rM ^(E^A.«'^'+') <E(/^i(")(^2(«) + P3(«))'^' + P3(«)'+'^0- (5-29) 



1=1 
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We estimate rf(-). By Lemmas 14.41 and 14.5 

i=i 



n 



1 = 1 fcGZ", |fc2|=fcmax>4 



i = l fcgZ", |fc2|=fcmax>4 g(2) 



4=1 fcGZ", lfe2|>4 g(2) 



This reduces the same estimate as rj(-). We easily see that r^(-) for 3 < z < n can 
be controlled in a similar way as r^(-). Hence, we have shown that 



1=1 

For the estimates of psi^ dx^u'^'^^) , we have from fl3.17p and Lemma [3.41 that 



< E {Piiu){p2{u)+ps{u)r+ps{uy-'-') . (5.31) 



|nfc^<9x,/||ic«i2nL2+«(Rl+") ~ IPfc9^,/||^(2+«)/(l+K)(^l+„) 

< 



(^i)IPfc/IL(2+«)/(i+'=)(Mi+n)- (5.32) 

Hence, using (15. 4p . (13.301) and (13.271) . we obtain that can be controlled by the right 
hand side of (Km . 

p^{^dx,u''^+^) < J2 (^i)'^' E ||nfc(nfc(i)«-nfc(«i+i)«)ILf+«)/a+'=)(Mi+.) 

fceZ", |fci|<4 fc(i),...,fc(«i+i)eZ" 

+ E ^^i) E ll^-^ Il^ii^i2.....-n^t(^'+") 
fceZ", |fci|>4 

^1,1 

(2+«)/(1+k) 

fcez", |fci|>4 

(5.33) 

By dEHD and ([SID, we have 

psi^dx^u^^^') < J2 (Pi(^)(P2(«) + P3{n)r + PsiuY^^') . (5.34) 



4=1 
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Hence, we have shown that 

n 

\\^Ax<\\uo\\,,^n + Y.Mx^'- (5-35) 

1=1 

Using a standard contraction mapping argument, we can finish the proof of Theorem 

o □ 



6 Proof of Theorem 11.1 



Roughly speaking, we will prove our Theorem 11.11 by following some ideas as in the 
proof of Theorem 11.31 However, due to the nonlinearity contains m'^"'"^, and {WuY 
and u^iVuY as special cases, the proof of Theorem 11.31 can not be directly applied. 
We construct the space X as follows. Denote 

Ql\u)= {ki)\\UkU\\L,^L2 L2(Kl+n), 

feeZ", |fci|>4 



Put 

{3 n 
u e S^'iR'+n : |h.|U := E E E ^'^^^(^^■«) ^ ^ 
e=i 0=0,1 i,j=i 

Considering the following mapping: 

^ : u{t) S{t)uo - i£/F{u, u, Vm, Vm), 

we will show that 3^ : X ^ X is a. contraction mapping. 

Since \\u\\x = \\u\\x, we may assume, without loss of generality that 

F{u, u, Vu, Vu) = F{u, Vu) := E c^uU^iVuy, 

m+l<K+\p\<oo 

where (VuY = For the sake of convenience, we denote 

Vl = ■■■ = Vfi = U, fft+l = ... = fK+I/i = Ux^, fK+|v|-i^„ + l = ••• = Vk+\u\ = ''^Xn- 
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By (EH]), for a = 0,1, 

By (I323D, (Km . we have for a = 0, 1, 

g^\d:^s{t)u,) + gi\d:^s{t)uo) < ii«oIIm3/- 

2,1 

Hence, 

\\S{t)u4x < ho|lM3/- 

In order to estimate gi\£/d"^{vi...Vf,^\u\)), i,j = l,...,n, it suffices to estimate 
f)^^^(=2/9^^(t>i...t>K+|iy|)) and g^p {£/d"^{vi...v^^\j,\)). Similarly as in fl5.4p . we will use 
the decomposition 

l), (6.1) 



4'^ 



where 

8? := {(fcW,..., /t^'^+l'^l)) : |A;f)| V ... V > 4}, 

:= {(fc«,...,fc('^+H)) : |A;fV- V|A;J''+'"'^| <4}. 

In view of (l3A2ll and (l3J9l) . 

fceZ", |A;i|>4 g(l) 
fceZ", |fci|>4 Lj^(Ri+") 

■=I + II. (6.2) 
Similar to (15. Sp . 

30 



K+\u\ 



fc(2),...,fc('=+l''l)eZ" «=2 
By Holder's inequality and Lemma 1331 



,1- 



^ III — I II '^+l'^l~l III — I II z^+lt^l— 1 f (? A\ 

Hence, noticing that Vi = u ot Vi = u^^, we have from (16. 3p and (16. 4p . 

i<Mf^'y (6.5) 

Similar to (15. 9p . we see that \ki\ < C in the summation of //. Again, in view of 
Holder's inequality and Lemma (13. 3p . 



K,+ \v\ 

||nfc(i)fi...n^(«;+i,.i)fK+|z/||| «+H+i < W l|nA:(»)'yj||^«+ki+i(]gi+„-) 



~ n n 'f^t°°^i(Ki+")- (6.6) 

1=1 

Hence, using a similar way as in (15. 9p . 

//<lkllf'^'- (6.7) 

We now give the estimate of Q{\s^d^^{vi...Vt^j^\y\)). Since we have obtained the 
estimate in the case a = 0, it suffices to consider the case a = 1. Let ipi {i = 1,2) 
be as in Lemma [4.21 and Pi = ^~^ipiJ^ . We have 

fcgZ", |fci|>4 

+ Yl (^l)ll^2nfc(=c/a^.2(^^l.-^^K+|H))llL-L2^,...,.„L? 

fceZ", |A:i|>4 

:= /// + IV. (6.8) 
Using the decomposition (16.11) . 



||Pinfc(^/9^.2(nfc(i)t;i...nfc(K+iH)t^«;+iz.i))||L-L22 ...^,„L2 



fceZ", |A:i|>4 g(i) 
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:= Ilh + Ilh- (6.9) 



By Lemma I4.2[ 

^^A<X1 5Z (^l)IPfc(°fcW^l--°fc(«+l-l)'"«+kl)llLiiLi2,...,.„L?- (6-10) 
g(i) fceZ", |A;i|>4 

By symmetry, we may assume \k^i^\ = max{\k\^^\, in E>^^\ Hence, 

K+\u\ 

1^ ^ a;2>--'>^n * J- J- ^x-^ 1^x2 t 

< Q?{^i) n (^^2'^(^^) + ^^3'^(^^)) ^ ii^ii^^''^ (6-11) 

Applying (14.21) and using a similar way as in flS.lSp . 

•^\)Vk+\u\) ||^(2 + m)/(l + m) /-jjl + n-j 

fceZ", |fci|>4, |fc2|<|fcl| §(1) 

< U9^3\v^)<\H\T^'^- (6.12) 

i=l 

So, we have shown that 

///< (6.13) 
Now we estimate IV. Using the decomposition (16. ip . 

P2nfc(^f^x2(nfc(i)'yi---nfc(«+iH)'i^K+i!y|))llL2°^L22,...,,„i? 

yteZ", |fci|>4 g(2) 

+ Y ^^i) 5Z II Anfe(-^^^2(nfe(i)^i--nfc(«+iH)t^K+iH))IU-Li2......„L? 

fceZ", |fci|>4 g(2) 

:= Jl^i + IV2. (6.14) 
By Lemma 14. 2[ 

iVi<Y (^2)l|nfc(nfc(i)Wi...nfc(-+iH)t^«+iH)llLi^L22,...,,„L?- (6. is) 

g(2) fceZ", |A;2|>4 
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In view of the symmetry, one can bound IVi by using the same way as that of IIIi 
and as in (I^TTTD-lCTID: 

m < hllx^'^'. (6.16) 
For the estimate of IV2, we apply (14.21) . 



K+kl) f ) II ^(2+m)/(l + m) + 

fceZ", |fcl|>4 g(_2) 
~ IPfc(l)^l---nfc(K+kl)t'K+|,y|||^(2+m)/(l + m)^jgl + „^ < ||m||^^''^'. (6.17) 

Hence, in view of fl6.16l) and fl6.17l) . we have 

< ll^llfl'^l. (6.18) 
Collecting ([63]), (I62D, fl6J[3|l . flGTTSD . we have shown that 

n 

J] J2 Qf{s^d:^{u\vur)) < \\u\\T^''[ (6.19) 

a=0,l i,j=l 

Lemma 6.1 Let s ^ 0, 1 < p,pi,'y,'yi < 00 satisfy 

11 111 1 , , 

- = — + ... + —, - = — + ... + —. 6.20 

P Pi Pn 7 7i 7n 

Then 

Yl ^^1)' IPfc(Mi...Mjv)||L7iP(Mi+n) ^ n I 5Z (^i)1Pfe"»llL?'^L?(iKi+") 1 • (6-21) 
fceZ" i=i VfeeZ" / 

Proof. See Lemma 7.1. □ 

Next, we consider the estimates of g^\s^/{u'^{'Vuy)) and g^r^\£/{u'^{'Vuy)) . In 
view of (ICTj) and ([3201), 

5^f.«(^(n'^(V^)^))< J](A:)^/ln,(n'^(V^)'^)|| 2^ . (6.22) 

j=2,3 fcgZ" 

We use Lemma 16.11 to control the right hand side of fl6.22p : 

y2{ky/^\\Dk{vi...v^+\,\)\\ 2+^ 
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m+1 / \ K+\u\ / 

i=l VfceZ" ' / i=m+2 VfeeZ" 

m+1 / \ K+kl / 

i=l VfcgZ" ' / i=m+2 \k&" 

< n ^'3'^(^^) ^ ll^ll^^'^' (6.23) 



i=l 



We estimate 4^^(-«^(9^i (m''(Vm)'')). Recall that k^^^ = V ... V 



:= 1/ + 1/J. (6.24) 
By fl3.20p and Lemma [6.11 we have 

Vl<Y,\\U^{v,...v^^^,\)\\ <||«||f'''. (6.25) 

It is easy to see that 

X Ipfcj/S^^ ||L-L-,...,-n^?°(K'+") •= + ••• + ^n{u). (6.26) 

Applying the decomposition (16. ip and Lemmas 14.41 and 14. 5[ we obtain that 

|fcl|>4 



+ E VllDfc (a(i)t;i...a(>.+i.^i)^^K,+|H) II , (6.27) 

fceZ", |fei|>4 g(l) (ffil + n) 

which reduces to the case a = 1 in (16. 2p . So, 

Ti(«) < ll^llf (6.28) 
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Again, in view of Lemmas 14.41 and I4.5[ 

fcGZ", |fc2|>4 §(2) 

+ Yl (^2)'/'^||nfc (□fc(i)t^i...nfe(«+iH)t^«+iH) II , (6.29) 

which reduces to the same estimate as Ti(-u). Using the same way as T2{u), we can 
get the estimates of T3(m), Tn{u). So, 

f?«K9.,K...t;.+H))<hl|fl'^l. (6.30) 

We need to further bound (ji^\£^dxXtJi---'VK+\u\))i i = 2, ...,n, which is essentially 
the same as Q2\£/dx-^{vi...VKj^\j,\)). Indeed, it is easy to see that fl6.24p holds if we 
substitute dx^ with dx^- Moreover, using Lemmas 16. 11 14.41 and 14.51 we easily get that 

Qi\^{d.Xvi--.v.Mu\))) <\\ur^^''y (6.31) 
By Lemma 13.41 (13.171) , we see that 

||nfc^<9^i/|lL-L2nL?+'"(Ri+") ^ (^i)IPfc/|| l+ig ■ (6.32) 

Hence, in view of (13.281) and (13.181) . repeating the procedure as in the estimates of 
Pz{u) in Theorem II. 3 1 Q^^\£^dx^{vi...Vf^j^\y\)) can be controlled by the right hand side 
of (16.271) and (I6.25p . Summarizing the estimates as in the above, we have shown 
thai 



^2 



Wu\\x<C\\uo\\Mm+ Y ^'"^'C7^ll«lli- (6-33) 

■m+l<e<oo 

Applying a standard contraction mapping argument, we can prove our result. 



7 Proofs of Theorems 11.41 and 11.2 



Proof of Theorem 11.41 For convenience, we denote 



piiu) = Y J2 (^*)^ ip^^iIl-l^ 

1=1 keZ", |fc,l>4 



^Notice that {cpl < C'l'^' 
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i=i feez" * 



P3[U) 



Comparing the definitions of Pi{u) witli tliose of Section [5], we see that here we drop 
the regularity (fcj)^/^"^/'^ in P2(w) and we add 1-order regularity in pi{u) and Psiu). 
The estimates for pi{^u) and p^l^^u) can be shown by following the same way as 
in the Section [5] (It is worth to notice that in Section O when we estimate pi{£^u) 
and p3{£^u), we can replace p2{u) defined here to substitute that in Section [5]). We 
also need to point out that for n ^ 2, 2/3 < n(l/2 — 1/6) and so, || ■ lUs^KKi+n) is a 
Strichartz norm. Moreover, 

uniformly holds for all k & and 2 < p < oo. 



Noticing that in the proof of Theorem 11.31 we do not know if the following two 
inequalities hold for m = 2, 

IPfc^^Xl/llimioo ^^^ioo(Kl + n) ^ (^1 ) I / i ....... i^? (1:1 + " ) ' (7.1) 

||nfc<9x,^/ILmioo rooml + n) < (A;i)^/^(A;i)^/"'||nfc/||Ll L2 i2(iRl + „). (7.2) 

So, in the case m = 2, we need to find another way to estimate p2{^u). Our solution 
is to apply the following estimate as in (13.201) : 



IPfc^/llil^ioo + < (A;i)^/^|Pfc/||ili2(]Rl + n). (7.3) 

It follows that for any ft ^ 2, 



"1 ^2>--->^i 



Using Lemma [6.11 one has that 



~ I (^)^^^IPfc^llL?L6nLy,(ffii+^ 



K+l 



<P3(«)'+^ (7.5) 
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Using fl7.5p . the estimates of p2{^u) is also obtained. 



□ 



Proof of Theorem 11.21 We can foUow the proof of Theorems 11.41 and 11.11 to get 
the proof and we omit the details of the proof. □ 



A Appendix 

In this section, we generalize the Christ-Kiselev Lemma fU] to anisotropic Lebesgue 
spaces. Our idea follows Molinet and Riband [20] , and Smith and Sogge [21] . Denote 



/oo /»^ 
Kit,t')fit')dt', TrJit)= Kit,t')f{t')dt'. (A.l) 
-oo JO 

If T : Fi — > Xi implies that Tre '■ Yi ^ Xi, then T : Yi — Xi is said to be a well 
restriction operator. 



Proposition A.l Let T be as in (lA.ip . We have the following results. 



;i) IfAUP^ > (Vf=ig.) V {qiqs/q2), then T : L'^^L^L 
well restriction operator. 



IS a 



IS a 



(2) Ifp^ > {yUqi) V (giga/gs), then T : U^^L%LT{M?) ^ I^U^U^i 
well restriction operator. 



(3) Ifqi < A^^iPi, then T : Ll'Ll\Lll{R^) L^^L^^Lf (R^) zs a well restriction 
operator. 



(4) // Aiip,, > {yUQi) V (gi 93/^2), then T : Ll\L%L 
well restriction operator. 



Let / G Lf^L%LT{M?) so that ||/|L^ii^|z.?3 



= 1. Define F : 

1/93 1^ 



[0, 1] by 
(A.2) 



r^l r92 



Lemma A.2 Let I C [0, 1] is an interval, then it holds: 

\\xF-^I)f\\Ll^ 



< 1/ 9153 <?! 52 53 



(A.3) 



37 



Proof. For any / = [A, B) C [0, 1], there exist ti,t2 eM. satisfying 



A 



\f{s,x)\'^^ds) 



l/<?3 



Til T 12' 



B 



t2 



( / \f{s,x)\'^^ds) 



1/93 



1-91 rq2 



and F ^(/) = (ti,t2)- For x = (xi,X2), we define J(t,x) and E(t,xi) by: 

1/92 



\f{s,x)rdsY'\ E{t,xi) 



J{t,xy^dx2 



J{t, x) = 

It is well known that for a ^ b > 0, 

r^-s" C(r'' - s^)(r°-'' + s""''), ^ s ^ r, 

and for < a < 6, 

We divide the proof into the following four cases. 
Case 1. qs ^ q2 ^ Qi- From (lA.Sp we have 



(A.4) 



(A.5) 



(A.6) 



\\XF-Hi)f{;x)r^,, < {J{t2,xr - J{h,xDJ{oo,x) 



93 -92 



(A.7) 



Recalling the assumption \\ f \\ Ll\LllLf^RxM.^) = ^5 by ( 1A.7P , ( 1A.4I) . ( ]A.5I) and Holder 
inequality, we have 




\\XF~Hi)f{-,x)\\'^^,3dx2] ^dxi 



< 




(J(t2, - J{h, xy')^J(oo, x)'^'"""^^^dx2 ) ""dx 



{J{t2,xy' -J{h,xy^)^ |a J{oo,xf'-''^^ 

Lx2 

n (13-12)11 

E{t2, x^r - E{h,xir] (Eioo, x,y 



rl/{l-<72/93) 
-^X2 



dxi 



dxi 



il2-1l)ll 
IS 



£1 




\ 13 






J 13/ 11 



i?(oo,xi) «3 



< J i^E{t2,x,r - Eih^x,)"^)"' {E{^,xi) 

^ \(^E{t2,x,y' -E{h,xir 
^ {F{t2) - F{ti)y^F{ooy-'''/''-' <: 
Case 2. ^ q2, q2 < qi- From ( lA.8l) and (1A.6I) . we have 

\\XF-^{i)f{-,x)f^>i3dx2) '^dxi 



(93-92)91 
E{oo,Xi)] '''^ dxi 



-1/(1-91/93) 



(A.9) 
(A.IO) 
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dxi 



13 



dxi 



(13-12)11 

E{oo,xi) 



(A.ll) 



(A.12) 





(A.13) 



/S2. 

^ [Eit,,x,r-Eit„x,ry ^^^^^^ . 

Case 3. qs < q2 ^ Qi- From (1A.6I) . we have 
Using ( 1A.6I) again, we have 

\\XF-\i)f{-,x)\\'^^i3dx2j "^dxi 

( J(t2, xr - J{tuxy'')dx2j dxi 
= j (^Eit2,x,r-Eit,,x,y'Ydx, 

< J (^E{t2,xiy' -Eitux.y^yxi 

= Fit2)-Fih) = \I\. (A.14) 
Case 4- < ^2,^2 > Qi- From (lA.lSp . (lA.Sp and Holder inequahty we have 

\\XF~Hi)f{-,x)f^i3dx2j dxi 

n 

{J{t2,xy' - J{ti,xy'')dx2y'dxi 
E{t2,xiy' - Eih^xiY'^dxi 

yi \ Tik 11(12-11) 

iE{t2,xiy^-E{ti,xiyn^E{oo,xi) "2 dxi 

^ [Fih) - F{t,)y^2 = 

From (lATTnll . ^KW), flATIill and fjAlSl) we get 

|IXF-1(/)/|Il^1lJ|L?3(RxIR2) < C'l/hl "2 «3 .1.3, (A.16) 

which yields ( lA.Sp . as desired. □ 





(A.15) 
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Figure 2: Whitney's decomposition in the triangle. 



We will use Whitney's decomposition to the triangle {(x, y) G [0, 1]^ : a; < y} (see 
Figure 2). First, we divide [0,1]^ into four congruent squares, consider the square 
with side-length 1/2 in the triangle region and decompose it into four dyadic squares 
with side- length 1/4, then remove the left-upper three ones in the triangle region. 
Secondly, considering the remaining region, we can find three squares with side- 
length 1/4 in the triangle. We decompose each square into four dyadic squares in 
the same way as in the first step. Repeating the procedure above to the end. So, we 
have decomposed the triangle region into infinite squares with dyadic border. Let / 
and J be the dyadic subintervals of [0, 1] in the horizontal and perpendicular axes, 
respectively. We say that / ~ J if they can consist the horizontal border and per- 
pendicular border of a square described above, respectively. From the decomposition 
above we see that 

(i) |/| = I J| and dist(/, J) ^ |/| for J ~ J. 

(ii) The squares in {{x,y) G [0, 1]^ : a; < y} are pairwise disjoint. 

(iii) For any dyadic subinterval J, there are at most two / with J ~ J. 
Proof of Proposition [A7TI First, we show the result of (1). We have 




{/,J:/~J} 



(A.17) 
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It follows that 

oo 

\\Tref\\Ll\L^lL',Hm ^ 



XF-Hj)T{xF-^i)f) 

{i",J:/~J,|/|=2-i} 



For any p ^ 1, we easily see the following fact: 



Y XF-HJ)T{xF-\i)f) 

{I,J:I^J,\I\=2-i} 



L?(R) 



< 



2 E / XF-HJ,)\TixF-HJ.)fWdt. 

T 17 1 n-, -'K 



Ji:|Jl|=2- 

Hence, in view of (1A.18I) and (1A.19I) we have 



Il^re/||LJ1LS2L?3(]R3) ^ ^ 



1/P3 



E ii^(xF-(/)/)r4 

J/:|/|=2-:;} 



If p < g, by Minkowski's inequality, we have 

i/p 



(^\\ajix,y)\\l}j <(^\\aj{x 

Ly 



1/p 



If p > g, in view of (a + hY < + W for any < < 1, a, 6 > 0, we have 



1/9 



We divide our discussion into the following three cases. 

Case 1. pi,P2 ^ P3- By flA.20p . using flA.2ip twice, we have 



1/P3 



j = l \{/:|/|=2-J} 

Case ^. pi < P2 < Ps- By ( 1A.20I) . using (1A.22P twice, we have 



i=l \ |/;|/|=2-^} 
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Case 3. P2 < Pi < Ps- By flA.2np and flA.221) . then applying flA.211) . we have 

1/P2 



j = l \{/:|/|=2-n 

Denote Pmin = niin(pi,p2,P3)- It follows from (lA.23p - (lA.25p that 



(A.25) 



1 

Pmin 



j = l \{/:|/|=2-J} 



Pmiii'?2 ^ Pmin ^ Pmin ^ Pmin 
9193 93 92 91 



< > 2 9193 93 92 91 ' Pmin ' < QO . 

i=i 



(A.26) 



The proof of (4) is almost the same as that of (1) and we omit the details of the 
proof. 

Next, we prove (2). We have 



\Tref\\ 



oo 

oo 

i=i 



5^ XF-HJ)T{xF-\i)f) 

{I,J:I^J,\I\=2-3} 



tPI tP2 tP3 



XI XF-^{J)\\T{XF-^(I)f)\\Ll\Ll\m 
{I:\I\=2-J} 



Using the same way as in (lA.19p . 



i/pi 



j=l \{/:|/|=2-^} 

So, we can control \\Tref\\L''^L''^L'''UR^) the right-hand side of ( 1A.26P in the case 

t ^1 ^2 * ' 

Pmin Pi' 

Finally, we prove (3). We define Fi{t) as follows. 

ft 

(A.27) 



^i(^) / ll/(-s,a;i,X2)||[92^93C?s- 
From the definition of Fi{t), it is easy to see that 



(A.28) 



L?iL«2L?3{RxR2) 

Hence, replacing flA.Sp with flA.28p . we can use the same way as in the proof of (1) 
to get the result, as desired. □ 

We can generalized this result to n dimensional spaces: 
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Lemma A. 3 Let T be as in (lA.ll) . We have the following results. 



(1) //min(pi,p2,P3) > max(gi,g2,g3, qiq3/q2), then T : Ll\Lll_^^L','{R^+') ^ 
^x\-^l ^^Lf^(R""'"^) is a well restriction operator. 

(2) Ifpo > (Vtig,,)V(gig3/g2), ^/^enT : Ll\Lll_,^LriW^+') - Lf LS;...LS:(R"+i) 
zs a well restriction operator. 

(3) //go < mill (pi,P2,P3), i/^en T : Lf L^^ ...L^-jR^+i) ^ LP;LP2^_,„_,„Lf (M"+i) ^s 
a well restriction operator. 

(4) //mm(pi,p2,P3) > max(gi,g2,g3, gig3/g2), thenT : L^i^L^^^^^^^ ^^^^Lf (R"+i) ^ 
^x\-^xl x„-^?i^"'^^) ^ '"^^^^ restriction operator. 
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